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The Binding Capacity Is a Probability Density Function

Enrico Di Cera and Zhen-Qing Chen*
Department of Biochemistry and Molecular Biophysics, Washington University School of Medicine, St. Louis, Missouri 63110 USA

ABSTRACT The binding capacity of a system, or equivalently, the fluctuations of the number of ligands bound around the
average value defined by the binding isotherm, can be regarded as a probability density function for the chemical potential of
the ligand. The first moment of this density function is the mean ligand activity as defined by Wyman and gives the average
free energy (in kT units) of binding per site. The second moment is directly related to the cooperativity of the system. These
and higher moments can be obtained from numerical integration of experimental data in a direct way. An analytical expression
for the moment generating function shows that the N independent coefficients of the partition function of a system containing
N sites are uniquely defined by the first N moments of the binding capacity.

INTRODUCTION

It is well known from basic principles of statistical thermo-
dynamics that the analysis of the fluctuations of extensive
quantities of a system at equilibrium provides much infor-
mation on the ensemble properties of the system (1). Ther-
modynamic response functions related to these fluctuations
can be accessed experimentally in a direct way. The heat
capacity of the system provides information on thermal tran-
sitions (1), while light scattering experiments reveal the mag-
nitude of the fluctuations of the number of molecules of a
given component due to changes in its chemical potential (2).
The thermodynamic description of binding and adsorption is
also based on the analysis of fluctuations as determined ex-
perimentally. A number of experimental approaches can be
used to monitor binding isotherms, the fundamental prop-
erties of which have been the subject of many outstanding
treatments of binding and cooperativity, especially by Hill
(3), Schellman (4), and Wyman (5). The slope of the binding
isotherm is a measure of the variance of the distribution of
ligated intermediates and is directly linked to the fluctuations
of ligated sites around their mean value. This quantity defines
the binding capacity (6) and can be measured experimentally
in a direct way using the thin-layer cell introduced by Gill
(7). It is the purpose of this paper to draw attention to some
statistical properties of the binding capacity that can be ex-
ploited in practical applications. Consideration of these prop-
erties makes the binding capacity a key thermodynamic
quantity of grand canonical ensembles, equally if not more
important than other quantities accessible experimentally,
such as the binding isotherm, that have been the focus of
previous thermodynamic discussions (3-5). Here we dem-
onstrate that basic aspects of binding and cooperativity be-
come transparent when a rather intriguing property of the
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binding capacity is taken into account. The generality of our
treatment carries over to any other thermodynamic system
whose partition function can be cast in terms of a polynomial
of finite order, as typically seen for a grand canonical en-
semble.
The partition function for a system containing N sites for

a ligand X, whose activity is x, is given by the following
polynomial expansion.

Z =1 + Alx + A2x2 +... +ANxN (1)

Here x is related to the chemical potential of the ligand, ,u,
through the familiar relation kT ln x = ,u, while Z stands for
the German Zustandsumme, or sum-over-states, as originally
defined by Planck. Specifically, Z is interpreted in the
Guggenheim sense as the partition function of a generalized
grand canonical ensemble with independent variables ,u, P,
and T. This ensemble differs from a grand canonical ensem-
ble in the fact that P, rather than V, is held constant through
external constraints (2). The coefficient Aj is the overall equi-
librium constant for the transition from the unligated form of
the system to its jth ligated intermediate. Finally, it is im-
plicitly assumed in Eq. 1 that the system does not change its
aggregation state upon ligation. Once the explicit form of Z
is available, all quantities of interest can be arrived at by
differentiation. The average number of ligated sites is

X = d ln Z/d ln x (2)
and is bounded from zero to N. The variance of the distri-
bution of ligated sites (3-5), or else the binding capacity of
the macromolecule (6), is given by the following.

B = dX/d ln x = d2In Z/d ln x2 (3)
The properties of B encapsulate basic principles of thermo-
dynamic stability. For example, B is always positive since an
increase/decrease of ligand activity can only increase/
decrease the amount of ligand bound. Also, for any pair of
thermodynamically conjugate variables, a and 3, where a is
an extensive quantity (say V, S, or the amount Y of a second
ligand bound to the system) and ,B is the conjugate intensity
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(-P, T, or AY), the inequality Bg > B, holds (6, 8). Other
properties of B are related to cooperativity. The Hill coef-
ficient (3, 9)

d ln[X/(N -X)] N
nH= -- B= B/B (4)dlnx X(N-X)

is a measure of cooperativity and is directly related to B.
In a reference system where all sites are alike and inde-
pendent the Hill coefficient is identically equal to one, re-
gardless of the value of x. For such a system B = X
(N - X)IN = Bo. Hence, the value of nH for an arbitrary
system is the ratio of the binding capacity of the system with
respect to that of a reference system containing the same
number of sites. In addition to these basic properties, the
function B has a number of statistical properties that have not
been pointed out before.

THE BINDING CAPACITY IS A PROBABILITY
DENSITY FUNCTION

If measurements of X are available, it is always possible to
obtain information on the coefficient AN of the partition func-
tion. The Wyman integral equation (Eq. 5)

rN
(lnx) = N-1 l nxdk= -N'lnAN =ln xm (5)

can be solved in a rather straightforward way to obtain the
mean value of In x. The quantityxm = AN I/N gives the value
of x, where the two limiting configurations with the N sites
free or bound have equal probability of occurrence. The log-
arithm In xm represents the average work (in kT units) done
in ligating one site. Solution of the integral Eq. 5 only de-
mands numerical integration of the data. On the other hand,
information on the other coefficients of the partition function
necessarily requires nonlinear least-squares analysis of the
data. There is no other set ofrelationships such as Eq. 5 which
allows, at least in principle, to uniquely determine the co-
efficients of Z from measurements of X. Such a set of rela-
tionships, if it existed, would provide an important and direct
connection between the partition function and experimental
measurements.
The importance of the integral Eq. 5 can readily be ap-

preciated by writing down the equivalent form
00

(inx) = N-1 f Blnxdlnx= -N lnAN =ln xm

(6)
using the definition of B. The change of variable y = ln x
leads to the following.

00

(y) = N lIJyBdy
-

by N, is the probability density function associated with the
independent variable y. Calculation of ln xm is equivalent to
calculation of the first moment of B. All higher moments

(yk) = N l1 ykBdy
_X

(8)

can be arrived at in an analogous way. The existence of a set
of relationships such as Eq. 8 draws attention to the fact that
measurements of B, or X, can be used to compute not only
ln xm, but all other moments. Whether such considerable
amount of information stored in the function B is of any
relevance in a thermodynamic discussion is contingent on the
connection between the moments of B and the coefficients
of the partition function. In order to demonstrate such a con-
nection, Eq. 8 needs to be solved explicitly, which is a non-
trivial problem for k > 1. Let us define the moment-
generating function

G(w)= e'YB dy
_x

(9)

Then, by definition

(y)=N(=N k)k (10)

We will see that the generating function G(w) exists for 0 <
o < 1. A necessary condition for the existence of G(w) is
provided by the integral

(1 1)
Bd

JBdy=N
o

which exists and is bounded. No generating function can be
associated with X, since the analogous integral would nec-
essarily diverge. From a mathematical point of view the par-
tition function is a polynomial of degree N with real and
positive coefficients. The partition function is also analytical
everywhere on the positive real axis, which is the only one
of physical significance (1). In view of this fact, it is always
possible to cast Z in terms of N factors as follows

Z = (1 + alx)(l +a2x) ... (1 +aNX) (12)

where aj is the jth coefficient of the factorization related to
thejth root of Z. The coefficients can be real and positive or
pairs of complex conjugate. Using this property ofZ one can
writeX and B as a linear combination ofN similar terms, i.e.,

N
X= E ajx/(l + ajx)

j=l

N
B= ajx/(l + a1x)2.

j=l
(7)

(13)

(14)

Hence, the solution of Eq. 9 is itself a linear combination of
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N similar terms required solution for g(w). The integral I2 is such that

=Wf ae~g(CO) =r e

(1 + aey)2 dY (15)

and convergence of the integral necessarily demands 0 <
wo < 1. If a is real, then the transformation Y = aey/
(1 + aey) yields at once

g(c) = Lac - Y'(1 - Y)-' dY

= a - B(1 + co, 1 -C) = a 'ww cosec -iuo
(16)

where B(l+w,l-cw) is Euler's Beta function (10). If a is
complex, then g(c) is obtained by properly choosing an in-
tegration path in the complex plane. Letting z = aey in Eq.
15 one has

g(c)= fr z dz (17)

where y denotes integration along the semi-line in the
direction of a in the complex plane. Since the function
Z,/(l + z)2 is holomorphic in the region JR shown in Fig. 1,
the path integral along a closed contour C must vanish.
Hence,

L( z) I + f + f + f =0.
2 3 4

(18)

The integral I, computed in the complex plane along the
semi-line in the direction of a for R -o 0 and r -O 0 is the

I2 a w(I+ )2dz .- -I 2- i
,1- + z 1

~~~~~~~~~~~~~~2

rP Rl+w r Iot" Rl+
J< o

-,

(R 1)2 do= (R - W) (19)

and goes to zero for R -° oo, since w < 1. The integral
I3 involves the positive real axis only. The integral 14 is such
that

I4=
4

z)
a-w+ Z)2 dZ -< a-'I ' I dzl

I I + zI 2
4

JP rl_____rrd =r(I 2O Ic 1(I r2 (20)

and goes to zero for r -- 0. The solution for g(co) is set by
the value of -I3, i.e.,

w xZ
g(co) = I :a +X dx =ax ) 2wocosec 7rw (21)

and is identical with that found in the case of a real and
positive. The solution for G(o) in the general case ofN sites
is therefore

N

G(co) = w-c cosec uTw aj-`
j=l

(22)

which provides the analytical form to be used in practical
applications.
Once the generating function G(co) is known, then all mo-

ments (yk) can be obtained by differentiation using Eq. 10.
Consider the Taylor expansion of G(w) as follows.

G(co) =f(w) h (() (23)

f(c) = irc cosec mo (24)

(25)

The Taylor expansion of f(co) is as follows.

f(co) = 1 + I 2(2 - 1)lB2kl1 uo)2k
k=1(2)

(26)

r 13 R

FIGURE 1 Integration path in the complex plane for the integral in Eq.
17. The argument of the integral is a holomorphic function in 4R, and there-
fore the path integral vanishes. The integration path I, develops along the
semi-line in the direction of a in the complex plane and provides the required
solution in the limit R -Xoo and r -* 0. The integral 12 vanishes for
R -a 00, and likewise the integral 14 vanishes for r -O 0. The value of I,
is therefore equal to the integral 13 from zero to 0X along the real axis only.

where B2k is the 2kth Bernoulli number (10). The Taylor
expansion of h(w) is

N N c2(l a.1
h(oi) = N_ I 2!naj + z

(

j=l j=l 2

N
- Icw3(lnXa)

,=l 3!

+ ... = N - C1I + C2w2/2! - C3w3/3! + .(..
(27)
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Hence, 0
-i)

(y=-N= C

(-y') = 12/3 + N-'C2
(3) = -1T2C -N-1C3

(Y4) = 7T4/15 + 2r22C2 + N'C4

(28)

(29)

(30)

(31)

and so on. The first moment equals In xm. The second mo-
ment is proportional to the sum of squares of the logarithm
of each coefficient a, and in general the kth moment is ex-
pressed as the sum of all even/odd powers of each In a term
up to order k, for k even/odd. It is straightforward to see from
Eqs. 28-31 that the C values are uniquely defined in terms
of the moments and themselves uniquely define the sum of
the various powers of ln a1 values. Hence,

m

04

to
6

THEOREM: The first N moments of the binding capacity
uniquely define the N independent coefficients of the parti-
tion function.

o I
0

1 .0 0.0 1.0
log PO2 (Torr)

2.0 3.0

The connection between the statistical properties of the bind-
ing capacity and the partition function of the system is now
evident.
As an example consider the case of N = 2. The partition

function and the first two moments of the binding capacity
are

Z= 1 +Alx+A2x = (1 +alx)(l+a2X) (32)

ml = (ln x) = -(ln a, +ln a2)/2 (33)

M2= (ln2x) = w2/3 + (ln2a, + In2a2)/2 (34)

Hence, if ml and m2 are known it follows that

a, = exp(-m, + A "/2) (35)

a2 = exp(-m-, 1/2) (36)

A =m2-2 'Tr2/3 = r2 _ 7T2/3. (37)

Note that the value o2 = w2/3 provides the separation for the
a values to be real or complex conjugate. We shall see in the
next section that this is the value of the variance of the B
distribution for a noncooperative system. The desired values
of Al and A2 are as follows.

Al = a1 + a2 = 2exp(-mI)cosh(A"/2) (38)

A2 =ala2= exp(-2ml) (39)

The values of the first two moments uniquely define the two
independent coefficients of the partition function.

THE VARIANCE OF B AS A MEASURE OF
COOPERATIVITY

The first moment of B contains information on the average

free energy of binding (in kTunits) per site. This quantity per

FIGURE 2 Oxygen binding capacity ofhuman hemoglobin (N = 4) at pH
6.95 plotted versus the logarithm of the oxygen partial pressure (11). The
B distribution of a reference system with N = 4 and the same mean ligand
activity is given by comparison as a discontinuous line.

se provides no information on cooperativity. Cooperativity is
reflected by the steepness of the binding curve and hence by
the binding capacity. This situation is illustrated in Fig. 2 for
the case of oxygen binding to human hemoglobin (11). A
reference (noncooperative) system containing the same num-
ber of sites is depicted by a discontinuous line. This system
has been assigned the same value ofmean ligand activity, and
hence ml, as the hemoglobin. The striking difference be-
tween the two systems suggests that the variance of the B
distribution may be a good measure of cooperativity. The
variance of B is by definition

a-2 2m = (ln2x)- (lnx)2 (40)

and contains the first two moments. Since ml contains no

information on cooperativity, the value of or2 is set by the
value of M2. In principle, one could shift the B distributions
in Fig. 2 along the In x axis, without affecting their shape,
solely to make ml = 0. The shift would not affect the
value of o2, and therefore Eq. 40 can be interpreted as the
variance of a "normalized" B distribution shifted along the
In x axis to make its mean equal to zero. Hence, the variance
of B corresponds to the second moment of its normalized
form.

In order to understand the connection between cooperat-
ivity and M2 it is useful to explore first the properties of a

noncooperative reference system where all sites are alike
and independent. A system containing N such sites has a

S
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partition function

Z = (1 + ax)

and a generating function

system can be written as follows.

(41) Z= I +ANX = (1 + alx)(1 +a2X) ... (1 +aNX)

with

(42)G(w) = Na Trr cosec awi.

The first two moments and the variance are

ml = (y) = -Ina

M2 = (y2) = v72/3 + ln2a

2
= T2/

where the subscript indicates the value of o2 for the ref-
erence, noncooperative system. Not surprisingly, o-2 is
independent of N and a. In the general case where the
macromolecule has a partition function such as Eq. 1
one has

k+ = A NeiN2k)/N (k=O, 1...N- 1) (50)

The coefficients a are distributed around a circle in the com-
(43) plex plane with radius AN"N. The norm rj of aj is equal to

A"N and is the same for all a values. Hence, the second term
(44) of the right-hand side of Eq. 48 vanishes. The angle asso-

(45) ciated with ak± 1 iS

Ok+l=-(N- 1 -2k)/N (k = O, 1 ... N- 1) (51)

and it is straightforward to prove that the first two moments
and the variance of the B distribution are as follows.

ml = -N1lnAN (52)

(46)

M2 = (Y )

= 7v2/3 + N-'(1n2a, + 1n2a2 + . . . + n2CaN)

2r2
a2 = --+ (2N2)

3

N N
E E (ln ri - ln rj)2
i=l j=l

N
- N-1 E 02.

j=l

m2 = N - r2/3 + N 2ln2AN

O.2 = N-2X2/3 = N2- 2

(53)

(54)
(47) Note that the variance is identical to that of a reference sys-

tem divided by N2. This is the minimum possible value of o2
for a system containing N sites. The maximum value of o2

for the same system is obtained when all sites are different
and independent of each other. The partition function is then

(48)

Here each coefficient aj has been expressed uniquely in
polar coordinates in the complex plane with a radius rj and
an angle Oj. The expression above reveals the mathematical
"driving forces" for cooperativity. The first term on the right-
hand side is the variance of a reference system, co, for which
all r values are identical and the angles are zero. The variance
of the B distribution in the general case is controlled by two
opposing forces. One is the heterogeneity of the norm of the
various a coefficients which tends to increase the value of
o2 with respect to oa. The other is the sum of the squares of
the angles in complex plane formed by the a values which
tends to decrease the value of oa with respect to or2. Therefore
a necessary, although not sufficient, condition for cooperat-
ivity is that at least two coefficients a in the partition function
are complex conjugate. The necessary and sufficient condi-
tion for cooperativity is that the force due to the angles ex-

ceeds the one reflecting heterogeneity of the norm of the
coefficients a. The variance is minimized when the heter-
ogeneity of the norms of the a values tends to zero with finite
values of the angles. On the other hand, the variance is max-
imized when the heterogeneity of the norms of the a values
is finite and the angles vanish.

Consider the case of a highly cooperative system where
interactions are such that only the two limiting configurations
of the system exist, i.e., the ones where all sites are either free
or bound. Although somewhat unrealistic, this case is rather
instructive for our discussion. The partition function for this

Z = (1 + ax)(l + (2X) ... (1 + aNX) (55)

where all coefficients are now real and positive and reflect
the equilibrium constants for binding to each individual site.
The first two moments and the variance of the B distribution
are in this case

(56)(y) = - N- lln(al CY2 . .. alN)

(2) = 7T2/3 + N-'(1n2a1 + In2a2 + ... + ln2aN)

N N

u2 = /3 + (2N2)'-I E (ln ai-ln aj)2.
i=l j=l

(57)

(58)

The variance grows without bounds with the heterogeneity
of the binding affinity of the individual sites. In general, the
ratio c = ao/ol is bounded from 0 to N, this property being
remarkably similar to that of the Hill coefficient (3, 9).
Hence, the standard deviation of B compared to that of a

reference system can be used as a measure of cooperativity.

APPLICATIONS

The operational significance of the B distribution stems from
the possibility of deriving important quantities for binding
and cooperativity directly from experimental data, without
necessarily knowing the detailed form of the partition func-
tion. Binding capacity measurements for the biologically rel-
evant case ofoxygen binding to human hemoglobin are given
in Fig. 2. Calculation of the first two moments directly from
the data by numerical integration yields the results depicted

(49)
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FIGURE 3. Values of In xm (0) for oxygen binding to human hemoglobin
in the pH range 6.95-9.10 (11). The results of the analysis based on ap-
plication of Eq. 6 (0) are in very good agreement with those obtained by
nonlinear least-squares and show how the mean free energy of oxygenation/
heme site changes with pH.

6.7 7.2 7.7 8.2 8.7 9.2
pH

FIGURE 4. Comparison between the values of c = co/l (0) computed
from the data analyzed in Fig. 3 according to Eq. 8 using the moments of
the B distribution and the maximum values of the Hill coefficient nH (0)-
Although the two measures of cooperativity differ by about 0.4 units, the
dependence of c and nH on pH is remarkably similar.

in Figs. 3 and 4. The values of In xm shown in Fig. 3 as a

function ofpH (filled circles) are in excellent agreement with
those derived by nonlinear least-squares analysis (open cir-
cles). Likewise, the values of c = uo/o shown in Fig. 4 (filled
circles) parallel the values of the Hill coefficient (open cir-
cles) which gives the classical measure of cooperativity.
The applicability of the properties of the B distribution

extends to any grand canonical ensemble showing saturation
effects. The Fermi-Dirac statistics provide an example which
can be treated in terms of the ideas developed here. Each
quantum level which can exist either free or occupied by a

fermion is equivalent to a binding site which can exist either
free or bound to the ligand. At constant temperature, the
ensemble of quantum levels with energy Ej behaves just like
an ensemble of independent binding sites with binding
affinity aj. The Fermi potential , induces fluctuations of the
number of occupied levels, aN/apt, around the mean N. These
fluctuations are the "binding capacity" B of the ensemble of
quantum states. The first moment of B gives the mean Fermi
potential (in kT units), or else the average work done in oc-

cupying a quantum state. The standard deviation of B is al-
ways greater than Uo since the different quantum levels are

independent and "bind" a fermion with different affinity.
Another relevant example which demonstrates the impor-

tance of the B distribution is given by the mean-field treat-
ment of binding processes (1, 12). It is well known that the
binding isotherm is in this case a transcendental function of
the probability of binding per site v = XIN, i.e. (12),

where is a coupling parameter reflecting the effect of the
Weiss molecular field, while a is the binding affinity per site.
It is straightforward to show that for Y, = 4 the binding
capacity B = dv/d In x diverges at v = 1/2 and so does the
Hill coefficient (1, 12, 13). The B distribution, however,
shows some intriguing properties. The generating function
for the mean-field approximation based on Eq. 59 is found
by application of Eq. 9. Elementary transformations lead to

G(co) = a@v(1 v)-ye- l@vdv

= a- Trw cosec 7TA(D1 + w; 2; -5) (60)
where is the degenerate hypergeometric function (10).
The generating function of a reference system is obtained for

= 0, as expected. The Taylor expansion of G(c) up to
second order is

G(co) = 1 - (In a + Y/2)w + {(ln a + Y)ln a/2

+ [T2 + (Y- 3)]/6})2 + . . . (61)
Hence,

ml = -In a - Y12

M2 = 2/3 + (In a + flIn a + 5(Y - 3)/3

a2= 87r2/3 + y2/12 -

(62)

(63)

(64)
(59) Notice that the value of ml coincides with the logarithm of

o 0 1

0

o o
0

* 0O

0

* 0

0

S
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0

-2.0 -1.0 0.0 1.0 2.0

FIGURE 5 B distributions for the mean field approximation. Curves were
calculated from the basic relationship: B = v(l - v)/[l - %v(l - v)], with
v expressed as in Eq. 59. The values of Z are (from right to left) 1, 3, and
4, while a = 1. The curves progressively shift to the left when changing X,~
as implied by Eq. 62. Also, the dispersion of the B distribution remains finite
even when S assumes its critical value.

the value of x at half saturation, X½M. This is a consequence
of the symmetry of v (1) and the fact that for a symmetric
binding curve Xm = x112 (14). The interesting result embodied
by Eq. 64 is that the variance of the B distribution remains
finite even for the critical value ofS= 4. The critical value
of c = cob/o is about 2.3, thereby indicating that the critical
B distribution has a dispersion of only 2.3 times smaller than
that of a reference system. This feature is illustrated in Fig.
5. Another interesting result of our analysis is that the N
coefficients (with N-~c) of the partition function for the
mean-field approximation must be such that

MNF

2 (ln a - ln a1)2 = 2N2S(G.S112 -1). (65)
i=1 j=l

This result, along with the availability of an analytical ex-
pression for the moment generating function Eq. 60, makes
it possible to tackle the rather nontrivial problem of finding

the exact form of the a values and hence the solution for v
in closed form.

CONCLUSIONS

The definition ofxm and the statistical properties of the bind-
ing capacity pointed out in the foregoing analysis allow for
a new definition of B. Classically, B represents a measure of
the fluctuations of the number of ligated sites around the
mean value. In this study we have demonstrated that B,
divided by N, is a probability density function for ln x. Spe-
cifically, B represents the distribution of free energies of
binding (in kT units)/site. In fact, the mean value of this
distribution is ln xm, i.e., the average work (in kT units) done
in ligating one site of the system. The standard deviation of
B gives a measure of cooperativity as the dispersion of these
free energy values around ln xm. Consequently, the ratio BIN
for a given value of x = ( gives exactly the probability that
the free energy of binding per site is kT ln (.
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